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Random Walks on Lattices with
Randomly Distributed Traps
I. The Average Number of Steps Until Trapping
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For a random walk on a lattice with a random distribution of traps we derive an
asymptotic expansion valid for small g for the average number of steps until
trapping, where g is the probability that a lattice point is a trap. We study the
case of perfect traps (where the walk comes to an end) and the extension
obtained by letting the traps be imperfect (i.e., by giving the walker a finite
probability to remain free when stepping on a trap). Several classes of random
walks of varying dimensionality are considered and special care is taken to
show that the expansion derived is exact up to and including the last term
calculated. The numerical accuracy of the expansion is discussed.

KEY WORDS: Random walk; number of distinct lattice points visited;
random trap distribution; perfect and imperfect traps; average number of steps
until trapping.

1. INTRODUCTION

A random walk on a lattice with randomly distributed trapping points can
serve as a model for various processes in photosynthetic systems, molecular
crystals, ionic crystals, and organic solids. It is, for instance, well suited to
describe the transfer and trapping of excitations in a photosynthetic
membrane,' of charge carriers in an anisotropic molecular crystal in an
electric field® and of electrons in an amorphous material.®

The model is defined as follows. Consider a d-dimensional lattice L of
which each point can be in either of two different states: with probability g it
is a trap and with probability 1 — ¢ it is a nontrapping point. The states of
different lattice points are independent stochastic variables and are “frozen
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in.” Next, consider a random walk on L, starting at the origin O and
proceeding according to a given probability distribution p: L — R for single
steps (p(1) >0, 3 ;o p() = 1). The walk ends when the walker steps on a
trap. :

Many authors have studied various properties of this random trap
model."** Quantities on which interest has centered are: the probability for
the walker to survive a given number of steps, the average number of steps
made until trapping and the probability of return to the origin. In general
these quantities depend on L, ¢ and p. In this paper we shall be mainly
concerned with the second quantity.

The random trap model is obviously akin to other models with a
random structure, such as the percolation model and the random Ising
model. In this respect it is a member of a class of models that have received
much interest in recent years and that by their simple description but
complicated nature have become a challenge to the theoretician. So far, only
few rigorous results have been obtained for the random trap model *!:?¥ (see
also Ref. 25), except in one dimension.“*7:1%29 On the other hand, several
approximative methods have been developed. With a few exceptions, the
results obtained are valid for values of g that are either small or close to
unity.

Rosenstock, who introduced the model in general terms in 1961, was
the first to find an expression, valid for g — 0, for the average number of
steps until trapping (n) for simple random walks.'* He introduced a simple
expression for the probability f, that the walker is not trapped after n steps
and calculated (n) to leading order in g, using an approach that has become
known as the Rosenstock approximation. Weiss'® investigated f, more
closely for a class of random walks in d = 3 and showed that the Rosenstock
approximation is useful only if ¢ << 0.05. Zumofen and Blumen'”'®’ went on
to find better estimates of f, for random walks in d =2 and 3. They also
investigated the effect of long-range steps and did Monte Carlo simulations
to test their results.

The authors mentioned all make use of some of the results obtained by
Montroll and Weiss® and by Jain et al.*¢73V for the probability distribution
of the number of distinct lattice points visited in an n-step walk on the lattice
without traps. Although the approach followed is essentially correct it is not
exact, nor is it complete.

The aim of this paper is twofold. First, in Section 2 we derive an
asymptotic expansion for {r) valid for small g, thus extending Rosenstock’s
analysis. We consider several classes of random walks of varying dimen-
sionality. We investigate the error that is involved in neglecting certain
cumulants and take special care to show that the expansion derived is exact
up to and including the last term calculated. Second, in Section 3 we extend

(4)
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the results to imperfect traps, i.e., to traps where the walker has a finite
probability to remain untrapped. We also briefly discuss the extension to
several types of imperfect traps, each with a different trapping parameter.
Models with two types of imperfect traps are of interest in photosynthesis. ®?

Throughout the paper we assume, unless stated otherwise, that the
random walk is aperiodic (in the sense of Spitzer, Ref. 33, p. 20) and that
F >0, where F is the probability of return to the origin in the absence of
traps. Aperiodicity means that there is no proper sublattice of L to which the
walk is confined. In terms of the structure function of the random walk
defined by A(8) :=>",c. e"?p(l), € R, aperiodicity is equivalent to the
property that (6) = 1 iff § =0 (mod 27} (Ref. 33, p. 67). If the random walk
is not aperiodic then there is a smallest sublattice L’ of L (with dimension
d’ < d) to which the walk is confined. Since the distribution of traps in L’ is
obviously random and the random walk is aperiodic on L’ the restriction
imposed involves no loss of generality. The case F =0 is trivial: one easily
sees that then, e.g., for perfect traps £, = (1 —¢)"*" and (n) = (1 — ¢)/g. We
further assume that L is d-dimensional hypercubic (L = Z%). This restriction
is not serious either, as any random walk on a different type of (Bravais)
lattice can be easily translated into a random walk on 7.

An important classification of random walks is that into recurrent and
transient random walks. In the former case G(0;1)=o0 and F=
1—G71(0; 1)=1,%% in the latter G(0; 1) < co and F < 1, where G(0; z) is
the Green’s function of the random walk at the origin. All random walks
with d>3 or with )} |{{p(/) < and 3, p([)# 0 are transient
(Ref. 33, pp. 33 and 83). An interesting subclass of transient random walks
is that of strongly transient random walks for which G'(0; 1) < co. This
concept, which was first introduced by Port into the theory of Markov
chains,*® plays an important role in the work of Jain er al®*3Y All
random walks with d > 5 or with >, [[* p(/) < oo and Y., Ip(]) # 0 are
strongly transient.*

Our results for (n) depend strongly on d and on the detailed properties
of p. In the asymptotic expansions obtained coefficients occur that are
related to the asymptotic behavior of G(0;z) for z— 1 (and in a few cases
also to the value of G(/; 1) for /# 0). For most classes of random walks this
behavior is known from standard random-walk literature, for others we have
extended known results.

A matter of particular convenience in the description of the random
trap model is that some of its properties are easily expressed in terms of
properties of the random walk in the absence of traps. This is an important
simplification.



334 den Holiander

2. PERFECT TRAPS

Consider an infinite d-dimensional hypercubic lattice L with a random
distribution of traps, and an arbitrary random walk p on L. If g is the
probability that a lattice point is a trap, then the probability f, that the
walker has not been trapped after n steps is given by ®®

fi=(—g)), n>0 2.1)

where .S, is the number of distinct lattice points visited by the walker and the
average is over all walks of n steps on the lattice without traps. We assume
g > 0. Clearly, f,, is a monotone, nonincreasing function of z. In Ref. 21 it is
shown that S, - co with probability 1 as »— oo, and hence f, - 0, for all
random walks except the degenerate random walk with p(0)=1. The
average number of steps (n) before trapping is found from

w0 o0
<n>: Z n(fn—lﬁfn): 2 fn (22)

n=1 n=0
(cf. Ref. 37, p. 213). The higher moments of n are expressed as similar sums.
In order to calculate (n) from Egs. (2.1) and (2.2) one has to know the
probability distribution of S, for all lengths n of the walk. For general
random walks this probability distribution is not known exactly, the
difficulty lying in the fact that whether or not a step leads to a new lattice
point generally depends on all previous steps. The average (S,), however,

can be found from the simple equation®
ST 278,y = 1/(1 - 2)* G(0: 2) 23)
n=0
where
L i e JEL|z|<1 (2.4
l:2) i=— - , < .
Gs2) = ra | a6y | bz, IELIZST @4)

is the Green’s function of the random walk and p(#) :== Y;c, € p(l).

For large n the probability distribution of §, exhibits a number of
simple limiting properties. First of all, as mentioned before, for all
nondegenerate random walks S, — co with probability 1 as n— co. The
asymptotic behavior for large n of (S,) can be extracted from Eq. (2.3).
Furthermore, for simple random walks with d > 2 Dvoretsky and Erdés®?
proved that the stochastic variables S, satisfy the so-called weak law of large
numbers:

nh_’rg PSS, —{SI/(S,)>¢€]=0, for ¢€>0 (2.5)
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(where P stands for probability). They achieved this by showing that
Var §,/{(S,)* >0, n- o (2.6)

(Var S, :=(S3) — (S,)?) and using the Chebyshev inequality. They further
improved Eq. (2.5) by proving that S,/(S,)— 1, n— oo, with probability !
(the strong law). Subsequently these results were generalized to arbitrary
transient random walks by Spitzer, Kesten, and Whitman (see Ref. 33, p. 38)
and to recurrent random walks in d = 2 by Jain and Pruitt.® For recurrent
random walks in d=1 the asymptotic behavior is in general more
complicated®” and Egs. (2.5) and (2.6) do not hold.

Jain et al.?**Y have made a careful study of some further asymptotic
properties of the probability distribution of §,. For example, they have
shown that for random walks with d >> 3 and for strongly transient random
walks in d=1 and 2, (S,—(S,))/Var'/?§, converges to the normal
distribution with mean O and variance 1 (the central limit theorem) if F > 0.
For a large class of random walks they have calculated Var S, to leading
order in n and in addition obtained a bound for {(S, — {S,))*).

We shall use the various asymptotic results obtained for the probability
distribution of S, to derive an asymptotic expansion for (n) valid for small
g. To this end we first apply the Euler—-Maclaurin summation formula to
Eq. (2.2):

my=|"dnfn) + 3y + 1) + R @7)

where f(n) is a suitably chosen function on [0, c0), to be specified later,
which is equal to f,, for integer n and has two continuous derivatives, f,_ :=
lim, . f, and R is a rest term. To estimate the order of R we observe that f,,
is positive, monotone and, by Eq. (2.4b) in Ref. 21, convex. Hence it is
possible to choose f(n) also positive, monotone, and convex. It then
follows®” that R is of order f’(c0)~— f’(0), where obviously f'(c0):=
lim,,, f'(n)=0. Since f; — f; = O(q) it is also possible to choose f(n) so
that f'(0)= O(g), which then ensures that R =0O(g). We further have
Jo=1—q and f_ =0 (for nondegenerate random walks).

Next, to evaluate the integral in Eq. (2.7), we introduce the variable
A :=—log(1 — ¢q) and make the cumulant expansion

So=(e My =e (2.8a)

_,1)1

(2.8b)

822/37/3-4-5
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where K, :=(S,), K,, = Var §, and K,(j > 3) is the jth cumulant of §,.
Writing f(n) =: exp[—x(n)], where x(n)=ux, for integer n, changing the
integration variable in Eq.(2.7) from n to x and noting that x(n) is
monotone, we get

my=["are= 21 Lo 2.9)
- 1 dx 2 1 '

In order to find dn/dx we construct a systematic expansion in terms of
A (for a given finite x) for the inverse function n(x) of x(n), valid for small 4,
by substituting into Eq. (2.8b) the asymptotic expressions for the cumulants
of §,, valid for large n, and considering » as a continuous variable.
Substitution of this expansion into Eq. (2.9) yields an expansion for {(n) in
terms of A, the coefficients of which are standard-type integrals. If
> fn < oo for all A > 0, the coefficients in this expansion are finite. Finally,
by expanding 4 in powers of g we find the desired expansion for (n).

Observe that we choose for f(n) the function that is obtained from
Eq. (2.8b) by simply considering n as a continuous variable in the
asymptotic expressions for the cumulants. It is not clear that in this way a
function is obtained which has the properties required in Eq. (2.7). However,
this presents no practical problem. Indeed, as an alternative for f(n) we may
choose the function (1 —4)f,; + 4fjn., With 4 :=n— [n]. This function
does satisfy Eq. (2.7) with R = 0 and, what is more important, it turns out
that in each of the cases to be considered in the sequel this function is iden-
tical with f(n) up to and including the order in A and n for which we shall
use the cumulant expansion. Therefore f(n) gives us the correct result.

In the following we shall derive the asymptotic expansion for (n) up to
and including the term of lowest order in ¢ to which the second cumulant
Var §, contributes. If Eq. (2.6) holds this term is certainly not the leading
term in g. Since only the leading term in n for Var S, is known thus far we
shall have to neglect all subsequent terms in the expansion of {(n). For (S,),
on the other hand, we can obtain as many terms in the expansion for large n
as are required to carry out the derivation to the order indicated. This is
accomplished by expanding G(0;z) in terms of 1 —z, using Eg. (2.3) and
applying a theorem due to Darboux®“®*" (cf. Ref. 42, p.140). In the
following we shall need only those terms in the expansion of {(S,) to which
the singularity of G(0;z) at z=1 contributes. Furthermore, since the
asymptotic behavior for large » of the cumulants K,; with j > 3 is not known
we shall also have to neglect contributions arising from these cumulants.
However, it can be rigorously shown that if

_ J
Mao, n— oo, forall j>3 (2.10)
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such contributions are of higher order in g than the terms derived. In that
case the expansion of (n) thus obtained is exact up to and including the last
term calculated.

We mention here that Jain and Pruit®" have proved that for all random
walks with d > 3 and for a large class of strongly transient random walks in
d=1 and 2 (possibly all, but certainly those for which G"(0; 1) < co; see
Ref. 31, p. 117) {(S,, — (S.))*) = O(Var? §,). Note that this does not follow
from the central limit theorem. Together with Eq. (2.6) this establishes
Eq. (2.10) for j=4. It then follows from the Schwarz inequality that
Eg. (2.10) holds also for j=3, and from 1S, <n+1 and (S, ~
(1 —F)n~n®® that it holds for j > 4 likewise.

In the following we shall first consider the class of unbiased random
walks with finite single-step variance, i.e., random walks for which g :=
ierlp(D=0 and m, =3, |I|’p() <o (finitt mean-squared
displacement per step). This includes, e.g., all random walks with p(l) =
p(—{) and with p(/) >0 on a finite subset of L. For this class p(f)=
1-32,Cy6:0,+0(6]*), -0, with C;;:=3",.; 1,;;p(]), i, j = 1,..., d. The
constants C;; are finite, the matrix {C;;} is positive definite (Ref. 33, p. 74)
and we define C* :=det{C,;}. Random walks in this class are recurrent for
d=1 and 2, transient for d =3 and 4 and strongly transient for d > 5. The
case d =1 will have to be treated in a special way since neither Eq. (2.6) nor
Eq. (2.10) holds in this case, so that the procedure sketched above cannot be
followed. Furthermore, for d =2, 3, and 4 we shall have to distinguish
between the two subclasses with m; :=3",.; |1]* p(/) < oo and with m, = co.

Subsequently we shall discuss other classes of random walks.

() d=1. For this special case we start from the exact result for the
simple random walk

my=(-q9)/q* (2.11)

derived by Montroll” (apart from the factor 1 — g, which is due to the fact
that we allow the origin to be a trap). Equation (2.11) is one of the few exact
results known thus far for (n). Crucial in the derivation of this result is the
argument that the simple random walk starting in an interval between two
traps is confined to this interval. If steps of two or more lattice spacings are
allowed this argument is no longer valid and no exact result is known. We
can, however, in this case determine the behavior of {(n) for g — 0 as follows.
Jain and Pruitt® have proved that the probability distribution of S,/(S,)
converges for n— co to a limit distribution of which we merely note that it is
independent of the random walk. They have also proved that (S*)/(S ),
k> 2, converges to the kth moment of this limit distribution. Using this
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result, together with the fact that {(S,) ~ C(8n/7)"%,%% we readily find from
Egs. (2.1) and (2.2) that to leading order in ¢, {n) is a function of the
product Cq. A comparison with Eq. (2.11) then yields

(ny~1/C*¢? (2.12)

(i) d=2. First we assume m; < co. Then it is easily shown that for
z—1

G(0; z) = —u, log(l — z) + uyu, + o((1 — 2)*/%) (2.13)

where u, = 1/2zC and u, is a constant that depends on further details of p
and can take any value in (—o0, 00) depending on p. For a few random
walks u, has been calculated exactly ®**¥; e.g., for the simple random walk
u, = log 8. From Egs. (2.3) and (2.13) it follows, as Henyey and Seshadri“®
have shown, that

- k 1/2 l 2
” log — kzo i toln /log? n) (2.14)

<Sn>—

with ¢, := (—=d/dx)* I'"'(x)|,-, (I is the gamma function) and log u := u,.
We shall need only the following terms:

<Sn>=—n—<1+ Gy >+O(n/log n)  (2.15)

u, log un log un log un
with ¢, =1—7 and ¢, = (1 —y)* + 1 — ¢xn* (y is Euler’s constant).
Jain and Pruitt® have proved that Var S, ~ 87°K*C?*n?/log* n with
K* =K+1(1—-1z%) and K:=—[tdx(1—x+x?)"'logx=1.171953....
Using this together with Eq. (2.15) and following the procedure sketched
earlier, we find after some algebra for {(n) the expansion

2K
s+ ] 4o (2.16)

where the brackets are understood to contain only so-called slowly varying
functions of g.

Thus far there are no results known for this case that establish
Eq. (2.10) and thereby ensure that the higher cumulants of S, i.e., the K,;
with >3 in Eq. (2.8b), cannot contribute to the order of the terms in
Eq. (2.16). However, since Eq. (2.6) holds it is surely sufficient that
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(S, — (S0 y=0(S,) 3 Var¥? §,) for j > 3. As this relation holds for
all random walks with 4 =0 and m, < o0 both for d=1 and for d > 3,
which are strongly differing cases, it is not unreasonable to expect that it
also holds for d = 2. This, however, needs further investigation.

It is interesting to note that in the calculation of {(n) the constants ¢,
and ¢, cancel and that only the constant K appears in the expansion.
Moreover, the final result seems to suggest that for all random walks in this
class the (slowly varying) function between the square brackets in Eq. (2.16)
depends on g and p only through the combination log(u,u/q). The product
u,u can take any value in (0, c0) depending on p. Equation (2.16) makes
sense only if g < u,u; however, for most random walks u,u is not a small
number. For example, if C;=Cd; it follows from Eq.(2.4) and the
inequality 1 —Re p(6) <3 Y, C;,0:6; that u,u > n/4.

If my=o00 the expansion of (n) may differ from that given in
Eq. (2.16), though not to leading order in g¢. In this case the term
o((1 —z)"?) in Eq. (2.13) is to be replaced by one of lower order in 1 —z,
which in turn affects Eq.(2.14). If, however, f(0)—1+3 2, ,C;;0,6,=
0(|61*/log? |8]), 6~ 0, it follows that this term is o(1/log(1 — z)) and hence
that the first three terms in Eq. (2.15) are unaffected and so is Eq. (2.16).

{iii) d=3. For z—1 we have, if m, < o0,
G(0;z) =uy—u,(1 —2)"* + o((1 —z) log(1 — 2)) (2.17)
where uy = G(0; 1) = 1/(1 — F) < oo and u, = 1/2'?%C (see also Refs. 5 and
34). For a few random walks %, has been calculated exactly ®***%: ¢.o.. for

the simple random walk u, = 1.516386.... Insertion of Eq. (2.17) into (2.3)

leads to
(Sy=ug'n+ 2z " 2uu;n"? + o(log n) (2.18)

For this case Jain and Pruitt® have found that VarS,~
{(1 = F)*/2n°C*} n log n. Using this together with Eq. (2.18) we find

u u NP1 u
<n>:?°~u1ual (—q—) +—2—u§uazlog(—§)+--- (2.19)

Since ((S,— (S, ))*)=0(Var’$,),?® Eq. (2.10) holds and the terms
occurring in Eq. {2.19) represent the correct expansion.

If m, = oo this may affect Eq. (2.19), but only after the second term as
a closer analysis shows.

(iv d=4and d25. For z— 1 we have
G0; z) =ug+u,(1—2z)log(1—z)+u,(1—z)+o((1—2)**), d=4 (2.20a)
G(0;2) = uy — ty(1 — 2) + O((1 — 2)*72), d>5 (2.200)
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where uy=G(0;1)=1/(1 —F) < o0 as before, but u, = 1/47>C; u, is for
d=4 a constant that depends on further details of p, whereas u,=
G'(0;1)< oo for d>5. For d=4, but not for d > 5, we have assumed
m; < 00.

From Egs. (2.3) and (2.20a,b) we deduce

(S, =ug ntuuglog n+{ug' +(yu,—uy)ug *+o(1/n'?), d=4 (2.21a)
(Spy=ug'n+{ug' +uyus’} + 0(1/n'?), d>5 (2.21b)

In Refs. 26 and 28 it is proved that both for d =4 and for d > 5 Var S, ~
{F(1—F)+2a}n with 0<a<oo. From a closer inspection of the
derivation of this result it readily appears that

G*(5 1) G(=1; DIGO0; 1) — G(=L 1)]

= 2 GO G0 )= GG D) Gh ) (2:22)

This is shown in Appendix A. Using Egs. (2.21a,b) and the asymptotic
expression for Var §,, we then find

=", uollog<q> (14 —u)ug ' —uda)+-,  d=4 (223a)

(n>_ 1+ uuy ' —ulay + -+, d>35 (2.23b)

Since again ((S,—(S,)*)=0(Var* §,),®"” Eq.(2.10) holds and the
corrections to Eqgs. (2.23a, b) are o(1).

For the simple random walk Montroll® has derived the following
asymptotic series for u, in powers of 1/2d:

u,=1+ ! + 3 + 12 + 00 + 355 + (2.24)
o 2d  (2d)?* ' (2d)* (24 (2d)° )
In Appendix A we derive a similar series for u, for d > 5:
=2 12 N 78 N 570 N 4650 595
2= g T eay Taay Teay Tear T (2:25)
and one for a for d > 4:
1 4 2 1 1294
ne 3 60 29 (2.26)

@d} T @dy T ea T @d T @ar

From a numerical analysis of Eq. (2.4) for the simple random walk in d =4
we estimate that u, = 1.239 4+ 0.001 and u, = 0.139 + 0.001.
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If, for d =4, m, = co this may have its effect on Eq. (2.23a), but only
after the second term. If p(6)—1+3 ), ,;C,;0,6,=0(6/*/log|8]), 8- 0,
Eq. (2.23a) is unaffected up to and including the term of order 1. ,

Equations (2.12), (2.16), (2.19), and (2.23a, b) are the results for (n)
for small values of g for the class of unbiased random walks with finite
single-step variance. We next consider random walks with m, < oo and u# 0
(biased).? Jain and Pruitt®® have shown that all random walks in this class
are strongly transient, regardless of the dimensionality. This property means
that G’(0; 1) < oo and implies that G(0; z) has the asymptotic form given by
Eq. (2.20b). In addition, Jain and Orey®® have proved that for all strongly
transient random walks Var S, ~ {F(1 —F) 4+ 2a}n. As mentioned earlier,
(S, — (S)))=0(Var* §,) for random walks with d >3 and for a large
class of strongly transient random walks in d =1 and 2, including those for
which G"(0; 1) < co. By a straightforward generalization of the proof for
G'(0; 1) < oo given in Ref. 29 it can be shown, using G(I; 1)< G(0; 1) for
[#0, that if #+# 0 and m, < oo all the derivatives of G(0;z) at z=1 are
finite. It then follows that (n) is given by Eq. (2.23b) with u,,u,, and a
related to the Green’s function through Egs. (2.20b) and (2.22).

It remains to consider the class of random walks with m, = co. This is
the hardest class (obs.: if m, = 0o, ¢ is not defined and the terms “biased”
and “unbiased” lose their meaning). If the random walk is strongly transient,
which is always the case when d > 5, {n) is, of course, given by Eq. (2.23b)
(with the proviso mentioned before for d =1 and 2). If not, a variety of
asymptotic behavior may be expected depending on p (see Refs. 49 and 50
for some interesting properties of random walks in this class). If the random
walk is transient, which is the case when m, < co and ## 0 ©¥ or when
d >3, it is clear that (§,)~ (1 — F)n and that, by Eq. (2.6), {n) ~u,/q. In
Ref. 31 it is shown that when d > 3 Var S, ~ {F(1 — F) + 2a}n, except when
d=3 and ) ;. G*I;1)G(—I;1)= oo in which case a = co and Var §, =
O(n log n).®¥ Using Eq. (2.3) one then easily shows that (n) = u,/q + 0(g"/?)
for d=3 and (n)=u,/q + o(log q) for d = 4. Higher-order terms in ¢ can be
obtained in both cases if the behavior of G(0;z) is known for z— 1. For
recurrent random walks in d=1 and 2 with m, = oo very little is known
thus far about the probability distribution of S,,. This lack of knowledge bars
a statement about the asymptotic behavior of (n).

Before concluding this section we remark the following. Consider a
random walk p with p(0)=0 and the “scaled” random walk p’ with
P'(0)=p, and p’(!)=(1— py) p(l), 1#0, for some 0 < p,< 1, ie., the
random walk obtained from p by giving the walker at each step a probability
? Part of the results in this section were presented in Ref. 23 (without a derivation). There are”

two misprints in that paper: on pp. 370 and 371 the word “asymmetric” should be replaced
by “biased.”
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Do to pause instead of proceeding. A simple argument shows that the
averages (n) and (n)’ for these random walks satisfy the relation {(n)’ =
(n)/(1 — p,). Since this is an exact relation and independent of g it should be
reflected to each order of g in the asymptotic expressions derived in this
section. The reader may find it instructive to see how this comes about in
each of the cases considered.

3. EXTENSION TO IMPERFECT TRAPS

Up to now we have been concerned with perfect traps. We shall now
extend the results of the previous section to imperfect traps. Let the traps be
such that the walker, when stepping on any one of them, has a probability #
to remain free (i.e., to continue his random walk) and a probability 1 —# to
be trapped. Let again f, denote the probability than the walker has not been
trapped after n steps. It is clear that with this extension f, can no longer be
expressed in terms of the stochastic variable S, alone. In the course of his
walk the walker may return not only to nontrapping points but also to traps.’
In the latter case one or more “escapes” take place and to fit these into the
description the multiplicity of the visits to traps must be taken into account.

Our first step is the statement that Eq. (2.1) generalizes to

n+1

fo= <H A-gtrat)  nxo0 G3.1)

where V¥, k = 1,...,n + 1, is the number of distinct lattice points visited by
the walker exactly k times (V% =0 for k > n + 1) and the average is over
all walks of n steps on the lattice without traps. To see this, observe that if
the walker visits a certain point & times, then if this point is not a trap he
remains free at each of his visits, whereas if it is a trap he can only remain
free by escaping k times. These two contingencies have probability 1 — g and
n*q, respectively. To be still free after n steps the walker has to survive all
visits made to traps. Since the trap distribution is random this implies
Eq. (3.1).

We assume # < 1. Just as in the case of perfect traps f, is monotone,
nonincreasing in # and, by Eq. (3.3) in Ref. 21, convex. Since ), V¥ =§,, it
follows from Eq.(3.1) that f,(g,n) </, {((1—7)g, 0), so that f,—~0 as
n— oo for all nondegenerate random walks. The average number of steps
until trapping {r) is again given by Eq. (2.2).

To find {(n) we require the knowledge of the joint probability distri-
bution of the set of variables {F¥}2*! for all lengths n of the walk. The
variables V% are mutually correlated stochastic variables, the joint
probability distribution of which is difficult to study in detail, except in some
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trivial cases, and about which so far not much is known. The averages
(¥, however, can be found from the simple equation

%O‘ k 1 ) K 2 2
) ”V“:il———— 1 —z)*G*0; 3.2
n:lo z < n > G(O;Z)S ( Z) ( Z) ( )
which was derived by Montroll and Weiss.

To obtain an asymptotic expansion for (n) valid for small ¢ we shall
follow the approach developed in the previous section. We write

=17 (3.3)
with
n+1
U,i= > AP (3.32)
k=1
Ay 1= ~log(1 — g + 1*q) (3.3b)

and make the cumulant expansion of log f,,. Note that
0<11</12<---</1n+1</1<00 (3-4)

(Note also that in the symbol U, we suppress the dependence on g and 7.)
We are interested in the asymptotic behavior of (U,) and the cumulants of
U, for small g and large n.

Using an ergodic theorem due to Kingman,®" together with Eq. (3.4),
we prove in Appendix B that for an arbitrary random walk
lim,_  n~'(U,)=: { exists and

A 00

’}im nU,=¢, with probability 1 (3.5)
—00

This is the strong law for the stochastic variables U, . For recurrent random
walks, since G(0;1)=o00, we deduce from Eq.(3.2) that
lim, ,n='(¥¥)=0 for all k. Since 0< U,<AS,, by Egs. (3.3a) and
(3.4), it follows from Eq. (2.4) that in this case {= 0. For transient random
walks, on the other hand, we have (V) ~ F¥=1(1 — F)?n for fixed k and
hence

{=(1=F)?Y AF? (3.6)
k=1

where we use Eq.(34) and (S,)~(1—-F)n to show that
lim,, n '3, AKVPY >0 as k— oo. In the latter case 0 < ¢ < co.
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Equation (3.5) implies the weak law: lim,_ P[n 'U,—(|>¢e] =0,
for ¢>0. Since 0 < U,<A(n+ 1) we have, for any &> 0, the bound
Var U, <A*(n+ 1)?P[|U, — (U,)| > en] + ¢’n* and with the weak law this
leads to

lim n=*VarU,=0 (3.7)
n -0
For recurrent random walks this result, as we shall see later, is not strong
enough for our purpose. For transient random walks, however, it follows
from Eq. (3.7) that

lim i(—lj"&]—jgmi:o, forall j>2 (3.8)

where it is crucial that { > 0 in Eq. (3.6). Observe that Eqs. (3.5), (3.7), and
(38)hold forall 0 <g<land Oy < 1.

We need Eg.(3.8) to calculate (n) for g¢—0. By Egs.(3.3a,b)
(U, —(U))) is a power series in g that begins with ¢’ and has coefficients
that are functions of n and #. Equation (3.8) implies, by a well-known
theorem (cf. Ref. 37, p.232), that for transient random walks these coef-
ficients are all o(n/) and therefore that the term of leading order in g in the
asymptotic expansion of (n) is determined by the asymptotic behavior for
g— 0 and n— oo of (U,) alone and that the cumulants of U, contribute only
in higher order. Noting that 4, ~ (1 —#*)g[1 + O(g)] uniformly in k and
using Eq. (3.6), we find that (U,) = {(1 —n)(1 — F)/(1 —nF)}ng[1 + O(q)]
uniformly in 7, and hence

nd~ _F)t T ) x .
= (1-p ) = (9)

Thus we have calculated the leading term of (n) for transient random
walks. To go further we need to know more about the joint probability
distribution of {F{¥},,. To begin with, we need to know Var U, to leading
order in g and n. This requires a calculation of the leading term in n of
Cov(VR, Y&y .= (P Ry, (O YEDY for all k, k' > 1. To evaluate
(ny we must also extend the expansion of (U,) beyond the term of leading
order in ¢ and n. If we combine the first two terms in the cumulant
expansion of log f, we have, using Egs. (3.3a, b),

<Un>_%var Un:¢(n)q_%'{/(n)q27 q~>0 (310)
with

(n) = ; (1 =7}V (3.10a)

w(n)i=—> (1 —nVV) + > (1 =11 —n*) Cov(V;, V() (3.10b)
k k.k'
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From Eg. (3.2) it follows that

e o]
N 27(n) = 1/(1 — z)? [G(O;z) +——"—] G.11)
nL:—O l— n
and with Darboux’s theorem we can easily deduce from this equation an
expansion for ¢(n). It is much harder to find w(n). In Appendix C we
calculate w(n) to leading order in n for random walks with d >3 and for
strongly transient random walks in d=1 and 2. It is the work of Jain ef
al.**3" that has inspired this calculation.

For strongly transient random walks we find

g(m)=vg'n+ (vg' +u0%) +0(1) (3.12a)
w(n) ~ [‘”52 (i iZII::) +2a] n (3.12b)
with
vy r=ug +1/(1—n) (3.13a)

G 1) G(—1; 1) g [G(O; 1) +ﬁ] — G(—1 1)%

a::Z

o [G(O;1)+ n ]Sg[G(O;1)+ﬁ]2—G(’?1)G(_1;1)E

1—
(3.13b)
This leads to the expansion
v B nF
<n>:—qﬂ— 1+u20014v§a—|—1_nFE+--- (3.14)

which generalizes Eq. (2.23b). For random walks with g =0 and m, < o0 in
d=73 and 4 we find

4n) = vy tn+ 2n Y u 5 n? 4 o(log n), d=3 (3.153)
v 'n+uvgtlogn+ {vg '+ (u, —uy)vy 2} +o(1/n'?),
d=4 (3.15b)
(1/27°v§C*)n log n, d=3 (3.16a)
y(n)~
_ 1+71F> ]
J— 2 —
[ Ug <l—nF +2a\n, d=4 (3.16b)
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and we arrive at

12
Uo —1 (Yo 1o, 2 (Uo)
=0 _ Zo — log [22) + ... -3 (3.
(n) 7 U, v, (q) ~|—zulv0 og 7 + -y d (3.17a)
_ n¥
(ny=——uyv, ' log <_O>_ 31+(u1—u2)v(,1——vf,a+ 1_4F +os
d=4 (3.17b)

thus generalizing Eqgs. (2.19) and (2.23a). For random walks in d = 3 and 4
with m; = oo similar expansions can be obtained if the behavior of G(0; z)
for z— 1 is known.

In Appendix C we further show that in a// the cases considered above
Var U, ~ Var §, for all 0 < g < 1 and 0 < # < 1. This implies that the higher
powers of g in (U,) — 4 Var U,, each carry a coefficient that is O(Var S,), so
that their contribution to {(n) is o(1). Finally, in Appendix D we prove that
in all these cases {(U, — (U,))*) = O(Var® U,) (with a proviso for strongly
transient random walks in d=1 and 2 with G”(0;1)= oo0). This in turn
implies that U, satisfies an equation similar to Eq. (2.10) and ensures that
the higher cumulants of U, also contribute only in higher order. Thus Egs.
(3.14) and (3.17a, b) are exact.

The generalization of Section 2 is now nearly complete and it remains
to consider recurrent random walks. When d=2, y=0 and m, < 0 it
follows from Egs. (2.13) and (3.2) that for fixed k

(V9 = n/u? log* un + O(n/log’ n) (3.18)

with the leading term independent (!) of k. By Eqs. (3.3a,b)
(U,)=¢(n)q[1 + O(g)] uniformly in n, with ¢(n) given by Eq. (3.10a), and
it follows from Egs. (2.13) (provided m; < c0) and (3.11) that

d(n)=———+ <1"V—i 1 + O(nflog®n)  (3.19)

u, logun U l—n)ullogzun

[see also Eq. (2.15)]. After some algebra we find

<n>=% [log (u;_u> + log log (%) +%§ii——%ﬂ+ ]

i 1
R S 3.20
l—nq (3.20)

which generalizes Eq. (2.16). If also in this case Var U,~ Var S, for all
0<g<1and 07 <1, then it is clear that the contribution to {#) coming
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from Var U, is O(1/q log q) because Var S, ~ n*/log* n. We expect that it is
possible to prove Var U, ~ Var S, along the lines of Ref. 29 with the use of
the analysis given in Appendix C. Unfortunately, even if this were known to
hold still more information would be needed to exclude a contribution from
the higher cumulants of U, of the order of the terms calculated. Thus,
whether or not Eq. (3.20) is exact is an open question. Observe that
(ny—<(n),_o=n/(1 —n)g, as for transient random walks [Eq. (3.9)].

For all other recurrent random walks with d =2 the above argument
carries through. The average ¢(n) behaves differently from Eq. (3.19) and
(n) has a leading term of higher order in g than ¢~ 'log g, but to leading
order in n, (V®) is independent of k [because in Eq. (3.2) G(0;2)— oo as
z— 1] and one finds that (n) —(n),_, =n/(1 —n)q in all cases.

For recurrent random walks in d = 1 very little can be said in general.
Examples are easily found for which (n) —(n),_,~n/(1~n)q does not
hold. For example, for the simple random walk the average length of the first
“run,” starting with the first and ending with the second visit to a trap, is
ig7'—4~3g""and not g7

Before we conclude this section we briefly discuss a further extension of
our model, viz. to the case of different types of imperfect traps. Suppose that
each lattice point can be in either of ¢ + 1 different states. With probability
1 — g it is a nontrapping point and with probability p,q, i = 1,..., ¢, it is a trap
with “escape” parameter 0 < #; < 1. The states of different lattice points are
again independent. The set {p;}i_, may be any set of probabilities with
> p;= 1. This defines a random distribution of ¢ different types of imperfect
traps.

A little reflection shows that Eq. (3.1) generalizes to

nt1 t AR
G=(T1 1—as (S pmt)a| ). nz0 @
k=1 i=1

It is clear that this extension introduces no additional complications as it
involves only a change in parameters. Therefore we can follow the same lines
of reasoning as in the case of a single type of imperfect trap. The stochastic

variable of interest is now

n+1
U,:= z A VR (3.22a)
k=1
with ,
Ay i=—log [l —q+ (Z P,-']ff> Q] (3.22b)

It is important to note that the inequalities (3.4) hold in this general case as
well. They played an important role in the derivation of Egs. (3.5) and (3.9).
We list the main results without derivation.
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For transient random walks

(n)=~ve/qg, g0 (3.23)
with
vy = Z pilug+n/(1—n)]™! (3.24a)

The correction terms follow again from Eq. (3.10). The generalization of
¢(n) is easy. Writing ¢(n; ), to display the dependence on # in Eq. (3.10a),
we see from Egs. (3.22a, b) that ¢(n; 1) generalizes to Y, p;4(n; 1;). Thus, in
Egs. (3.12a) and (3.15a,b) v, ' is replaced by that given in Eq. (3.24a) and
vg* by

wy = Z pilug+n/(1—n)] 72 (3.24b)

leading to a replacement of u,v, "' by u,v,wy? in the two second terms in
Egs. (3.17a,b). Furthermore, in Eq.(3.20) #/(1—1n) is replaced by
3. pin/(1—n;) and the first three terms are unaffected. The generalization
of y(n) in Eq. (3.10) is not so easy. To find it one has to repeat a large part
of the calculation given in Appendix C starting from Egs. (3.22a,b). In
particular, the generalization of Eq. (3.13b) is somewhat complicated.

4. DISCUSSION

First we discuss Section 2 which treated the case of perfect traps. In the
cumulant expansion of log f, [Egs. (2.8a,b)] we have neglected the higher
cumulants of S, as well as certain higher-order terms in the expansion of
(S,) and Var §,. To the sum (n)=7>_, f,, however, these neglected terms
turn out to give additive corrections that are of higher order in g than the
terms calculated. It is for this reason that Egs. (2.8a,b) are well suited to
find {(n) for small g. On the other hand, to the individual £, the neglected
terms give multiplicative corrections and therefore Eqs. (2.8a,b) are not
suited to find f, for large n. What is worse, for any g > 0, no matter how
small, the terms in Eq. (2.8b) blow up as n - 0.

In this connection it is worth mentioning a strong result on the
asymptotic behavior of f, for n— oo found by Donsker and Varadhan®®
(see also Refs. 52-55). They proved that for aperiodic random walks, either
with the property that 1 — p(8) ~ A4(e,)|8|%, 8 -0, where e, :=0/|6|, 4 is a
strictly positive, bounded function, 4(e,) =A(—e,) and 0 < a < 2, or with
the property u =0 and m, < oo (in which case a = 2), the following holds
for all A > 0:

d d/d+a)
fim 914 log = jerare) (1) () @)
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where § > 0 is a specified function of p. The derivation of this result is truly
impressive and rather complex. There is no obvious connection between Egs.
(2.8a,b) and (4.1). These relate to two different regimes, one with »n fixed
and g — 0, the other with n —» o0 and g fixed, in which the behavior of f,, as a
function of » is very different. From Egs. (2.8a, b) one finds the behavior of
S, for small # and g fixed. Since this determines }_, f,, for small g, Egs.
(2.8a, b) served well as a starting point. Equation (4.1) gives only the tail of
f,- Thus it should be clear that one learns little from Eq. (4.1) about the
asymptotic behavior of (n) for ¢ — 0. Equation (4.1) does, however, imply
that (n) and all the higher moments of » are finite for all ¢ > 0, a fact which
we did not establish independently. It seems rather hard to find a suitable
upper bound for f, to prove that {(n) < oo for an arbitrary nondegenerate
random walk. This in contrast to the lower bound f, > (1 — ¢)**”, which
follows from Eq. (2.1) and Jensen’s inequality and which is the approx-
imation to f, originally used by Rosenstock."?

The asymptotic expansions found for (n) are valid for small g. How
large the domain of g-values is for which our results give a reasonable
approximation to {n) depends, of course, on the coefficients in the expansion.
For the class of random walks with £ =0 and m, < co the results are very
accurate in most practical cases when d > 3 and ¢ < 0.05, the more so as d
increases. For example, for the simple random walk and for g =0.05 the
relative contributions to (n) from the successive terms in the expansion are
1:0.14:0.03 for d=3, 1:0.04:0.04 for d=4 and 1:0.06 for d=5. For
d=2 the situation is less favorable and the corresponding ratios are
1:0.35:0.09:0.15. In most cases the expansion for d =2 is useful only if
g< 1073,

It is interesting to compare Egq.(2.16) with the corresponding
asymptotic expansion, derived by Montroll [see Ref. 56, Eq. (31)], for a
strictly periodic distribution of traps (with N, the number of lattice points per
trap, replaced by g~—'), e.g., for the simple random walk. Except for the iden-
tical leading terms, the two expansions are different in structure. Moreover,
even for values of g as small as g = 1072 the (n) is in the random case 10%
larger than in the strictly periodic case, which is somewhat surprising.

For random walks with ¢ # 0 and m, < oo Eq. (2.23b) holds regardless
of the dimensionality and in most cases it is accurate when g < 0.05. For
example, for the Bernoulli random walk in d =1 with p(1) =7, p(~1)=1—y
(3 <y< 1) we have G(0;z) = 1/[1 —4y(1 —y)z*|"?, G(l; 1)=G(0; 1) for
[>0and G(; 1) = [(1 —y)/y] ' G(0; 1) for I <O (see Ref. 33, p. 8), so that
uy=1/(2y — 1), u,=4y(1 —y)/(2y — 1)* and a = 1 — 7 and the ratio of the
first two terms in Eq. (2.23b) is yg/(2y — 1).

If we ask, not for (n), but for the average number (S) of distinct lattice
points visited by the walker before he is trapped, then the answer is very
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simple. Indeed, consider a given infinite walk on the lattice without traps
with the property that there is an infinite sequence of step numbers
my <m,; <m, < -- at which a new point is visited (such that visits to old
points occur at intermediate steps). Let R, =1 for n=m,, m,, m,,..., and
R, = 0 otherwise. Now, if this walk takes place on the lattice with traps, then
the average under the random distribution of the number of distinct lattice
points that it wvisits before running into a trap is S=1+
30 R, (1 —g)fotRat Rt where the 1 counts the origin. Obviously,
my=0 and S=1+R,(1-q)+R,(1-q)" mt..=1+(1—gq)+
(1 —g)* 4 .- =q ' This is true for any walk with the required property.
But any nondegenerate random walk has this property with probability 1 (as
S, — oo with probability 1) and hence we have the simple result

(Sy=q"' (4.2)

Equation (4.2) can be shown to be related to the following asymptotic
property, valid for all random walks except for recurrent random walks in
d=1:

Sy =g~ (4.3)

Equation (4.3) follows from a combination of the asymptotic expansions for
(S, and (n) given in Section 2. The connection with Eq. (4.2) comes essen-
tially from Egs. (2.5) and (2.6), although it is somewhat involved.
Equation (4.3) is identical with a property first noted by Shuler, Silver, and
Lindenberg®” for a strictly periodic distribution of traps (with g =N""). In
the latter case, however, Eq. (4.2) does not hold and an explanation of
Eq. (4.3) is far from obvious. Moreover, in this case Eq. (4.3) is less general
in that it does not hold for all transient random walks in d = 1.

Next we discuss Section 3, where we considered the extension that is
obtained by introducing a finite probability for the walker to remain
untrapped when stepping on a trap. With this extension the model was found
to be significantly harder, but we were able to generalize the results in nearly
all the cases considered in Section 2. We further extended the analysis to
different types of imperfect traps. In this connection it is noteworthy that
Eq. (3.23) can also be derived starting from a simple approximation. The
average number of steps that the walker makes between his ith and (7 + 1)th
visit to a trap (given that these take place) is ~1/g, g — 0, for all i > 1; this
follows from Eq. (3.9). If the walker “escapes” from a trap there is a
probability < F that he returns to that trap before hitting another one. As
g — 0 the probability of such a return tends to F and the approximation
consists in assuming that the walker can never return to a trap other than
through a sequence of such returns. By this approximation every new trap
visited is with probability p; one with escape parameter 7;, independent of
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previous visits. This then enables one to derive Eq. (3.23) along the lines
sketched in Section 4 of Ref. 58.

The approach followed in this paper to obtain the asymptotic expansion
for (n) is systematic and exact. More work would be needed to estimate the
error involved in approximating (n) by the terms derived, let alone to
establish a possible convergence of the expansion. For this we do not yet
have the means. For the case d = 2 with 4 =0 and m, < oo the product u,u
in Eqs. (2.16) and (3.20) is a very small number when the random walk is
highly anisotropic [see, e.g., Ref. 34, Eq.(I1.22)] and for g>u,u the
expansion does not make sense, indicating that convergence is not a trivial
matter.

We conclude this paper with the following reflection. If one compares
the results of Section 2 and 3 one is struck by a remarkable similarity. It
appears that nearly all the terms in the expansions for (n) found for
imperfect traps can be obtained from the corresponding terms found for the
perfect-trap case through a simple “recipe”: replace G(0;z) by G(0;z)+
n/(1 —n) in the analysis of Section 2 and leave G(/; z) for [+ 0 untouched.
In view of the way in which the parameter # comes into play in the analysis
of Section 3, it is truly amazing that such a simple recipe exists [see in
particular Eq. (3.13b)]. There are only two exceptions: in Egs. (3.14) and
(3.17b) an extra term —xF/(1 — #F) occurs that does not fit into this picture,
indicating that the recipe is not exact. We checked Eg.(3.14) for the
Bernoulli random walk in d= 1. Following the approach of Ref. 7 we
calculated the exact average length of the first “run” (i.e., the subwalk
between the first and the second visit to a trap) and found that (n,)=
g~ '+ O(g). This is correctly predicted by Eg.(3.14), where the term
between braces has an expansion in powers of # in which for the Bernoulli
random walk the power # happens to drop out.

If one tries to understand why the recipe nearly works but not quite, one
runs into a somewhat unexpected problem. Not only is the recipe not exact,
as it is formulated above it is not even unambiguous. The reason for this is
simply that the functions G(/; z) for different values of / are related. As an
example take the simple random walk. If, instead of u, = G(0; 1), we would
have used the equivalent expression u, =1+ (2d)~' 3" ,,_, G(; 1), then our
recipe obviously would have led to totally wrong answers. At first this
objection may seem a bit pedantic, but a closer inspection reveals that it is a
serious one and that until one manages to remove it there is little or no sense
in trying to explain the situation. Still, the observed similarity is striking and
there is no harm in trying to develop some feeling for it.

To that end consider once again the infinite lattice L. Suppose that we
divide L into identical finite unit cells © and place identical imperfect traps
at identical position [, € L, i=1,2,.. This gives us a periodic trap

822/37/3-4-6
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configuration on L. For the trapping problem it suffices to consider a single
unit cell with periodic boundary conditions. Let the walker start from /, € L,
let T, denote the probability that he is trapped by trap i at step n and let
Ji{2):=2"7242"T;,. A simple argument shows that

Z[G(l,-~l,-;z>+ﬁ6ﬁ]ﬁ<z>=G<l,-—lo;z>, J=12 (44)

i

[see Ref. 58, Eq. (4.2)], where now G(/;z) is the Green’s function for L. If
we are not interested in the label of the trap at which the walk ends, we may
sum fi(z) over i to obtain ), f;(z) =: flz) and the average number of steps
until trapping, given that trapping occurs, then follows from

(ny =1 (/1) (4.5)

Equations (4.4) and (4.5) express the fact that for any arrangement of traps
in L that does not include the starting point the recipe works in principle, at
least in the form in which the equations appear here. If, however, the starting
point is a trap it does not work. Yet, if we average over all possible starting
points and use that >,y G(/; z) = 1/(1 — z), then we may replace the right-
hand side of Eq. (4.4) by 1/N(1 — z), where N is the number of lattice points
in L, and the recipe works again.

This example indicates a possible origin of the observed similarity and
at the same time illustrates the limitations of the recipe. In the random trap
model the unit cell is infinite and we have to average over all possible trap
configurations, which makes the situation only more complicated.
Apparently the recipe fails in this case (a failure which, incidentally, is not
repaired if we exclude the origin from being a trap).

All in all, it appears that interesting, and possibly useful, connections
lay hidden behind the relations derived.
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APPENDIX A

For strongly transient random walks G(0; z) behaves for z — 1 as given
by Eq. (2.20b) with
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ty=n)~4 [ do, - [ db,[1—p@)] (A1)

wy+ =0 [ o[ agl1-50) (A2)

[see Eq.(2.4)]. For the simple random walk Montroll®? has derived the
asymptotic series (2.24) for u,. We follow his approach and derive a similar
series for u,+u,. For the simple random walk A(8)=d ' Y%, cosb,.
Using the identity s~ 2 = [ dt te ™", we can write Eq. (A2) as

uy = dite~1,(t/d)) (A3)

where I,(x) := 7" [7 dA exp(x cos ) is the modified Bessel function of order
0.¢% Substituting the expansion 7,(x) = Y, (3x)*/(k!)* we find

L1590 630 5005 (Ad)
@d)*  (2d)  (@da)* ()

3
u0+u2:1+-27

Subtraction of Eq. (2.24) leads to Eq. (2.25).

As mentioned in the text, for all strongly transient random walks and
for a large class of random walks with d >3 Var S, ~ [F(1 —F) + 2a]n.
From the expressions given in Refs. 26 (p. 375), 28 (p. 374), and 31 (p. 99)
it appears that

a —

(U-F)FF_(1-F_)
) L—F/F_ :

g

(AS)

#

where F, stands for the total probability that the walker reaches / from 0.
The generating function for first passage in [ is F(l;z) = [G(l;z) — J,]/
G(0;2).%Y Noting that F,=F(l;1) we get for a the expression given in
Eq. (2.22).

For the simple random walk it is easy to find for a an asymptotic
expression similar to Eq. (A4). Indeed, using Eq. (2.4) we may write

G )= dre~! ﬁ 1,(t/d) (A6)

where 1,,(x) =" {7 df exp(x cos &) cos(m@), m € 7, is the modified Bessel
function of order m, and if we substitute the expansion I, (x)=
(Gx)™ 322 o (3x)*/k!(m + k), m >0, we can find an asymptotic series for
G(I; 1) for any I. Doing so for a few lattice points close to 0 and noting that
G(l; 1)=0[(1/2d)*1""!"] we readily find Eq. (2.26).
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APPENDIX B

To study U, it is convenient to write Eq. (3.3a) in the form

U= w > VP (B1)
k>1 1>k
with g, =4, and g4, =4, —A,_;, k>2. By Eq. (3.4) 4, > 0 for all k. To
prove Eq.(3.5) we introduce stochastic variables V%) :=the number of
distinct lattice points visited exactly k times on or between steps m and n
(0 m< n), and put

k>1 1<I<k

By Egs. (3.4), (B1), and (B2) U, =4S, — W,,.

The variables W,,, have the following properties: (i) W,,, < W, + W,
for all m <i<n, (ii) the process {W,,,} is strictly stationary (i.e., the joint
probability distributions of the sets {#,,,} and {W, ., ,,,} are identical),
(iii) (W, is finite and (W,,) > —An for some constant 4 and all a. This is
easily seen by inspection; (i) follows from the fact that for any k the sum
SN VD satisfies the inequality while u, >0, (i) is an immediate conse-
quence of the independence of the individual steps in a random walk, and
(iii) is trivial because 0 <y, <A < 00 and V¥ >0 for all k.

Stochastic variables that satisfy (i)}-(iii) are said to form a subadditive
process and by an ergodic theorem of Kingman®" the (finite) limit

lim n 'W,,=¢ (B3)

n—-00

exists with probability 1 and in mean, and (&)=inf,,,n" (W,,) =
lim,, n (W,,). The last equality follows from (i), by which (W,,) <
2<W0n>‘

To prove Eq. (3.5) it remains to show that &= (&) with probability 1.
From Egs. (3.4) and (B2) one easily deduces that —Ai < W, — W, < Ai for
any 0 < i< n and this implies that for a given i > 0
lim n='W,,= lim n 'W,, (B4)

n—=00

H—-0

Equation (B4) means that for any given i > 0 the limit £ depends on the walk
only through the steps i + 1, i + 2,... and not through any of the previous
steps (i.e., & is a so-called “tail” event). Since the individual steps are
independent it follows from Kolmogorov’s zero—one law (see Ref. 60, p. 102)
that € is equal to a constant with probability 1 and hence &= (&) with
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probability 1, as asserted. Since U,=AS, — W, and since it is known that
lim, , #7'S,=1lim,  »n '(S,) (=1—F) with probability 1 (Ref.33,
p. 38), this proves Eq. (3.5).

APPENDIX C

In this Appendix we consider the following two classes of random
walks: (I) random walks in d=3 with Y, G*(l;1)G(-1;1)= co;
(IT) random walks with d > 3 not in class I and strongly transient random
walks in d=1 and 2 (for all random walks in this class
T G2 1) G(—1 1) < ). 262830

We calculate Var U, to leading order in ¢ and n. We further calculate
the term of order g* in (U, ) and show that Egs. (3.12b) and (3.16a, b) hold.
Finally we show that Var U,~ Var §, for all 0 <g <1 and 07 < 1. We
assume that the random walk is aperiodic and that F > O.

We start from Eq. (B1) and write

U= Y 5S® (Cla)
k>1
VarU,= Y s Cov(S®, %) (Clb)
kk'>1

where S is the number of lattice points visited af least k times after n steps
and y, =log(1 — g + n*'q) —log(1 — q + #*q). Let I, denote the position of
the walker at step n and consider the following indicator stochastic variables:

:I[ =l L, # 1, a€{i,+1,.., 00 I\ {#5eees B} ]
Z; n =101 =Ll #ly, a € (i + Loy n\{iy,e, i }]
Qe eigsn :=Zi1-~-ik;n_Zil---ik
=G = =15 L #F 1, a € {i 4 Ly n}\{ye i 13

B> nl =1
k>1, 1<i, < <ip n>i,

A little reflection shows that

SP = » Z. ..,

0ig< - <iggn

(C2)

(For k> n + 1 the sum in the right-hand side is empty.) We split S* into
two parts:

S(k) Y(k)—i— W(k) (C3)
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with
Yflk) = 2 Zl'"'ik (C3a)
0<iy< - <ig€n
Wi = Z Wiin (C3b)
0<iy < v <ig<n
and further split Y%, writing
k=1
Y;k):ank)" Z Z Zil---ilil,in'ik (C4)
1=1 0<ij< v <h€n<ijp < v <ig< oo
with
xP.= > zP (C5)
0gign
where for fixed i
0.
VARES o > VATRONR
i<ip< o <igp< o0
= I|after step i the walker returns to /; exactly k — 1 times] (C5a)

The reason for choosing to split S in this way lies in the two ine-
qualities

Wb L wh (C6a)

k—1
XP-rP<y wy (C6b)

1=1

which, as we shall see in a moment, play a key role in the calculations.
Equation (C6a) is not much deeper than the obvious inequality S&+" <S¢,
To see that it holds, write W ;.. .; v =Z i, Wi,.. i, > substitute this
product into Eq. (C3b) and use ij 0Z; 1., < 1. To see that Eq.(C6b)
holds, use Zn<zl+,< iz Ziy iy i S Wi ne

In the following we shall calculate Cov(X'¥, X{*”) to leading order in n.
We shall show that Cov(X¥, X¥") for all pairs k, k' and the two sums
(st Var2 X2 and 3, oty Cov(X P, XF7) for all 0<g <1 and
0 < 5 < 1 are all of the same order in n and have the property that they grow
faster than n in class I and proportional to » in class II. This will be seen to

imply that in both classes
Cov(§H), §%7) ~ Cov(XP, X¥7) (C7a)

S Var2 S® ~ 3y, Var'? X9 (C7b)
k k
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and, with Eq. (C1b),
Var U, = 3w Cov(X (P, Xif) (CTc)

k,k’

Our calculation will thus provide us with the leading order behavior in n of
Var U, and also make it evident that Var U,~ Var S, (=VarS{") and
3ty Var/2 S® ~ var/2 S . We shall need the latter two relations in
Appendix D. To prove Egs. (C7a,b) we use Egs. (C6a,b) and a bound
obtained for (W®”). In Refs. 29 (p. 376) and 32 (p. 97) it is shown that in
class I (W" = O(n), while in class II (W{"") = o(n). This means that in
both classes (W{"*) = o(Cov(X®, X*")) for any pair k, k' and similarly for
the two sums in the right-hand side of Egs. (C7b, ¢). Equation (C7a) follows
in two steps. First, by Egs. (C6a,b) Var(X®¥ — Y L (k — DHXWP?), and
together with the Schwarz inequality this implies that Cov(Y®, Y%*")~
Cov(X®, X*"), Second, by Eq. (C6a) Var(S§® — Y®) (WD and hence
Cov(SWP, S, ~ Cov(YW, Y"), leading to Eq. (C7a). Equations (C7b, c)
do not follow straight from Eq. (C7a). They follow from a similar argument
plus the fact that >, (k— 1y, < o forall0<g<land 0Ky < 1.
Equation (C7¢) is important because the right-hand side is easier to
evaluate than the left-hand side. From now on we shall concentrate on the
calculation of this right-hand side.
By Equation (C5)
n n
Cov(XP, Xy = 3" Cov(ZP, ZF)y + Y (a* +af")  (C8)

—

i=0 i=1

with
i1
af®*? =" Cov(Z®, Z¥") (C8a)

i=0

The first sum in Eq. (C8) is easy. Indeed, for k # k' we have (Z(¥ Z{*") =0,
by Eq.(C5a), and thus Cov(Z{®,Z*")=—(Z®¥Z*"). Furthermore,
Cov(Z®,ZPy=Var Z®P = (ZP)—(ZPy.  Since (ZWF)y=(ZF)=
F¥=1(1 — F) this gives us

[]=

' Cov(ZP, ZE) = [FF*'(01 —F) 64 — F* 'F¥ "Y1 —F)}](n + 1) (C9)

i=0

To write out the second sum in Eq. (C8) we define

T := the number of the step at which the walker visits / for the
kth time;

PP(I) := the probability that the walker returns to 0 exactly k — 1
times during steps 1,..., # and visits [ at step #.
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In Eq. (C8a) Cov(Z{¥, Z{¥") = Cov(Z§, Z{¥)), j > i, and we write out

k
> PIERbm (C10)
I m

1 1
=0

apt =y

j—
i=0

with

bRk = P [TV < 00, T = 00, TH*' ™V < 00, TH) = 0]

—P|T¢ Y < o0, TR = 0] P,[T* D < 00, TK’ = 0] (C11)

where P, stands for probability with respect to the random walk starting in /.
In Eq. (C10) we sum over the position /=1/;_; of the walker at step j —i. If
Z® =1 the walker returns to O exactly k—1 times. Of these returns
m=0,..,k—1 may take place during the first j —i steps. If Z{*) =1 the
walker returns to / exactly k&’ — 1 times after step j —i.

To find the probability P{"*V(I) it is convenient to introduce the
generating function

S Z"P (D) (C12)
n=0

P O(l z) =

First we take [ =0. P{"*Y(0) is the probability that the walker returns to O
for the mth time at step n. A standard type of argument shows that therefore

PMD(0; z) = F"(0yz), m>1 (C13a)

and PW(0; z) = 0, where F(0; z) is the generating function for first return to
0. For [# 0, on the other hand, P{™"*"(I) is the probability that the walker
returns to O for the mth time at some step n’ < n and in the remaining n — n’
steps walks from O to [/ without returning to O, arriving in / at step n and
possibly visiting / at some earlier step. Now it is easily recognized that the
probability for the latter event is equal to the probability that the walker
after the remainig n — n’ steps reaches [ for the first time with returns to 0
allowed. Therefore we have

PMO(L 2y = F™(0;2) F(lyz),  [#0 (C13b)

where F(I; z) is the generating function for first passage in /.

Before we come to b{**” in Egs. (C10) and (C1l) we return to
Eq. (C1b). Our first aim is to find the term of leading order in g and n of
Var U,. Noting that u, ~ (1 — n)n*"'q, g— 0, we have

Var U, ~ ¢,q%, g—0 (C14)
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with
bo=(1=n) 3 gyt Cov(SP, 5)
k,k'>1
~(1-=m > 7't CovX P, XY =2 9, (C15)
kk>1

where we use Eq. (C7c). We shall calculate ¢;. From Egs. (C8)~(C10) it

follows that the generating function
e8]

¢'(z) = > z"¢! (C16)

is given by

_ (I—np)'F(1-F)
(1 —nF)*(1 —n’F)

¢'(2) (1-z)*

nmP(m+1)(l;z)>< 2 rlk—lnk’—lb;k,k’))

F2(1=—n)’(1—z)72Y (f
H m= k,k'>1
(C17)

=0

The term with /=0 in Eq.(C17) is easy. Indeed, by Eq.(C11) b{*" =
F¥"'(1 = F)6y, — F*'F¥'~1(1 — F)? and using Eq. (C13a) we find that this
term equals 2nF(0; z)/(1 — nF(0; z)) times the first term in Eq. (C17). We
may therefore write

_ (—n)*F-F)
(1= nFY(1 - 1'F)

1+ nF(0; z)

0'(2) (=2 o)

+24"(z) (C18)

with

F(l; g ,
o= = -2 3 LG s o] cisy)

where we use Eq. (C13b). It remains to find the double sum in Eq. (C18a).
We shall need most of the rest of this appendix to calculate this sum.

Equation (C11) can be simplified a little bit. An easy calculation shows
that

i’ 7 . ’ N ’ _ l,k’
YRR — otk _ plk=1.k"), k> 2, B{LK) = o1k (C19)
with
c*) =P [T < 0] P|TH# P < 0, T = 0]

—P[TP < o0, TP < 00, TH) = 0] (C19a)
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Similarly,
c;k,k’) — d}k,k’) _ d;k,k’—l)’ k/ > 2’ C}k,l) — d;k,l) (Czo)
with
d¥*) =P [T < 00, T*) < 0] — P[TH < 0] P[T’ < 0] (C20a)
From Egs. (C19) and (C20) we get
2 ”k—lnk’flb;k,k’):(l _”)2 Z nkflﬂk’—ld}k,k’) (Czl)
k

k,k'>1 N2
To evaluate the right-hand side we write
Ak = pkik) | gtk pheki=1 (C22)
where we introduce the probabilities
PR = PTEP < T < ] (C23a)
gt =P [T < TP < o] (C23b)
and where F, := F(l; 1) is the total probability that the walker reaches / from

0. To find p{*:¥" and q{**" we derive a set of recursion relations in k and k'
valid for [+ 0. Write

PR =PI <TH < T < oo
+ P[TH -V < TP < TH < 0] (C24)

The first term factorizes into P,[T{ < T#' ™V < o] P,[T" < 00| and is

seen to be equal to Fp**'~1. The second term factorizes into P,[T{* ! <

T < oo, T < TH*)| Py [T < 0], of which the first factor can be written

as g\ k=D _ gtk Together this gives

Pk = Fplkk' =1 | F [gek'=1) _ ik, k'>2 (C25a)
A similar reasoning shows that
gk = Fpik VK L F_ [pt=1k) — pt*9] k>2  (C25b)

To complete Eqs. (C25a,b) we also need to know p{*?, k> 1, and g{"*",
k' > 1. These probabilities are easily calculated. Indeed,
PV =BT < TP < o]
=PIy < TP, T < o]
X AP [T < THV < oo [} Py [TV < 0]
= {F_—q{""{F—pY V' F, k>l (C26a)
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and similarly
i = (F = P K
from which we deduce
pi*V = pit X!
i =gt X
with

(1,1) (1 ~F)F1F7,
! 1—F,F_,

" =Tz
1-F,F_,
F—FF

) P el §
" 1—FF_

F_,

From Eqgs. (C25a, b) it follows that the two sums

k—1,,k'—1 (k,k’)
I

P(n)= > n*'9*""'p
kk'>1

Qm = > "'t lgi"”

kki>1

Vv

satisfy the set of equations
(L—=nF)P;=1,—(1—n) F,Q,
(1 =nF)Q,=J,— (1 —n)F_/P,

with

[ee)

Ii(n) = pi*V/(1 —nX) + F, 3 n*'gfe?

k=1

e8]
J(n) =q" /(1 —nX)+F_, 3 n¥'~'p{k?
ki=1

361

(C26b)

(C27a)
(C27b)

(C28a)

(C28b)

(C28¢)

(C29a)

(C29b)

(C30a)
(C30b)

(C3la)

(C31b)

where Eqs. (C27a, b) are used. The two sums in Egs. (C31a, b) can be found
from Egs. (C25b) and (C25a), respectively, with Egs.(C27a,b) and

(C28a, b, ¢). This leads to
I;=FF_/(1—nF)
Ji=FF_,/(1—nF)

(C32a)
(C32b)
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Substituting this into Eqgs. (C30a, b) we can solve P,(r) and Q,(#), and from
Egs. (C21), (C22), and (C29) we then get

2
btk -1k _ L= 1m)7(1L—F) [ < 1——?7) }
n gk TR = SR F - F
Kis1 ’ —np) T 1—qF) -

1__” 2 —1
X[1_<1—nF) F,F_,} . 1#0 (C33)

Using Egq.(C18a), noting that F(l;z)=[G(l;z)— J,|/G(0;2) ®¥ and
writing  G;:=G(;1) and (1—nF)/(1—n)(1—F)=G,+n/(1—n) we
finally arrive at G /a1 -G}
") _, s GIGA[{ 0+” — Wil — —1
0@ =0 =) e T TG, + 770 — M = GG

G(l;z)
[G(0;2) +n/(1 —n)]

Equations (C18) and (C34) are exact expressions from which the coef-
ficients ¢, in Eq. (C16) can be deduced. We are now ready to use Eq. (C15)
and find the leading order behavior in n of ¢,. At this point we have to
distinguish between the two classes of random walks 1 and II introduced
carlier. ClassIl is the easiest one. Because in this class
Yier GH{I; 1) G(—1; 1) < oo we deduce from Eq. (C34) that

¢"(z)~a(l—2)7%,  z-1 (C35)

(C34)

with a given by Eq. (3.13b). Equation (C.35) implies that the coefficients of
¢”(z) have a leading order behavior in » that is an. With Egs. (C14)-(C16)
and (C18) this explains the term 2an in Eqs. (3.12b) and (3.16b). The first
term in each of these equations is a sum of two contributions. One comes
from the first term in Eq. (C18), the other from the term of order ¢* in the
expansion of (U, ), which is
2
1 Z (1— nk)2<V§lk)>:i (1—n)"(1~F)(1 2+ nF)
2 2 (1 —nF)(1 —n°F)

k>1
by Eq.(3.2) and Darboux’s theorem. The two contributions become
transparent in their combination.
ClassI is harder. In this class ., G*(/;1)G(—l;1)= 00 and
(1—z)?¢"(z)—> oo as z— 1. Since for transient random walks with d > 2
G(;1)> 0, |I]> o (Ref. 34, p. 281), we get from Eq. (C18)

¢'(z):2¢"(z>z2(co+7—f—;7—)_ -2 G,6_,Gz), z-1
10 (C36)
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For random walks with d=3, u=0 and m, < oo it is shown in Ref. 29
(p. 379) that };,,G,G_,G{ ~ (2nC)~*log j, j— 0, where G is the sum of
the first j coefficients in the power series in z of G(/;z). With Egs.
(C14)~(C16) and (C36) this explains Eq. (3.16a).

It remains to show what we used earlier to prove Egs. (C7a, b, ¢), viz.
that Cov(X{P, X{¥") for all k and &', and the two sums (3, u, Var'/? X%)?
and ", ottt Cov(X P, X¥7) for all 0 < ¢ < 1 and 0 < # < 1, are all of the
same order in n and have the property that they grow faster than n in class I
and proportional to n in class II. This may be done as follows. We have
calculated the sum )", ,, 7*~'n*'~! Cov(X{P, X{”) and found that it has the
mentioned property for all 0 < # < 1. Now with the analysis given above it is
not hard to calculate also the sums Y, z¥7! Var'2 X% =:p (z), 0<z < 1,
and Y . 2512 Cov(X P, Xy =:1p,(z,,2,), 0<z,,2,< 1. This is
straightforward but tedious and is left to the reader. One finds that p%(z) has
the same asymptotic behavior in n for all z and so does p,(z,, z,) for all
2y, 2y Writing 3, Var'? X0 =3 (1/n)[—q/(L = )]"(1 —#") p,(n")
and Y, 4 iy Cov(X®, X0 = 55,0 (1) [—g/(1 = )] (L= )
(1—%") p,(n",n"") and carrying out the summation over r one can then
show that the two sums over k& and k&’ have the required property, as
asserted. (Note that by the Schwarz inequality (3, u, Var'/2 X%)2 >
Dk Mt Cov(XP, X$¥7).) From the result for p,(z,, z,) one further easily
deduces (cf. Ref. 37, p. 232) that also the individual Cov(XP, X{¥") have
this property. The attentive reader will observe that we do not really need
Eq. (C7a). Nevertheless this equation stands at the basis of Egs. (C7b,c),
which we have used in the calculation of Var U, and shall need in the next
appendix.

APPENDIX D

The purpose of this appendix is to prove that
(U, —{UN*"Y=0(Var? U,), forall 0<g<landOg<y <l (D)

for random walks in the classes I and II introduced in Appendix C, subject
to the condition

(WP =0(Var? §,) (D2)

where W is defined in Eq. (C3b). In Ref. 32, Eq. (D2) is proved for both
classes, with the exception of random walks with d=1 or 2 and
G"(0;1)=o00 (see Ref.32, p.117). For the latter subclass a proof of
Eq. (D2) is not known.
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Let
ty= > (S — (SN Var'? 8, (D3)
k

where g, and S are defined below Egs. (Cla, b). We shall show that ¢, is
bounded. By Minkowski’s inequality we have ((x+ y)*)* <
xHY* 4+ (y*)Y* for any pair of stochastic variables x, y and hence by

Eq. (Cla) {(U, — (U)*)" < Dyl (5P = (SE))'™, 50 that
<(Un - <Un>)4> < t: Var2 Sn

Since Var U, ~ Var §,, the boundedness of ¢, will imply Eq. (D1).
We start from Eq. (C2) and write
S(k) Y‘ Z

41— P e igs2n+1
0Cig< o <20+ 1

= Z Zy .. ign

0Ki< - -+ <ig<n

+ ) Zi i T RO RO (DY)

N 1<ip< e <204 1

with
k—1
1(k) .
RV = Z I S A T (D4a)
I=1 0<i< - <H<n<d 1< v - <120+ 1
2(k) o
R, = Z (Zil---ik;n—Zil---ik;2n+1) (D4b)

0L i< v - <ig<n

Obviously, 0< Zn<im< i1 L a2 1S Wi.. - and 0<
and thus with Eq. (C3b)

Zil' seigsn - Zil. cedgs2n+l < Wil' sedpsn?

k—1

OKRIPL Y WO (D5a)
I=1

OKROL WP (D5b)

The two sums in Eq. (D4) are independent and have the same distribution as
S®. Hence, subtracting averages, we get

(S50 1 = (ST D[S — (81PN + 6 Var® S|V

£2 Y (e (D6)

I=1
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where we use Egs. (D5a, b) and repeatedly apply Minkowski’s inequality. In
Ref. 32 it is shown that both in class I and in class II n~' Var §, is
asymptotically a monotone, nondecreasing and slowly varying function of n.
Thus Var §,,,,~2 Var §, and it now follows from Eqgs. (C6a), (D2), (D3),
and (D6) that there is a constant M < oo such that

Ly 1 K278, + M, for all n (D7)

where we use that Y, u, Var'? S ~Var? S (which was shown in
Appendix C) and that ), ku, < oo for all 0 <g< 1 and 0 # < 1. [The
number 27% in Eq. (D7) may be replaced by any number >27'*; it is
chosen <1 to suit the proof.]

We follow the line of reasoning in Ref. 32 (p. 114). Now there is a
y < oo so large that 2~/% + (M/y) < 1. Suppose that for some integer m we
have t,, > 7. Then it follows from Eq. (D7) that (¢,,,,/t,) <2 3(t,/t,) +
(M/y) for n>m. This implies that ¢,,., <?, and it follows by induction
that ¢,<t, for n in the subsequence of integers of the form n=
2j(m + 1) — 1 =:n;,j>0. Next, consider n;_, <n < n,; for some j. Trivially,

(SH = (SENHIEUSE = (SN + (S = (SP )Y
+ 6 Var §¥ - Var S¥® V4

nj—n—1

and through an argument similar to that given above we find that there are
constants N, ¥, < oo such that

t,<Nyt, +N,, forall j (D8)

This proves the boundedness of ¢, for all n, and hence Eq. (D1) subject to
Eq. (D2), as asserted.
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